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ABSTRACTType 
he
king and type inferen
e are fundamentally simi-lar problems. However, the algorithms for performing thetwo operations, on the same type system, often di�er sig-ni�
antly. The type 
he
ker is typi
ally a straightforwarden
oding of the original type rules. For many systems, typeinferen
e is performed using a two-phase, 
onstraint-basedalgorithm.We present an approa
h that, given the original type ruleswritten as 
lauses in a logi
 programming language, auto-mati
ally generates an eÆ
ient, two-phase, 
onstraint-basedtype inferen
e algorithm. Our approa
h works by partiallyevaluating the type 
he
king rules with respe
t to the tar-get program to yield a set of 
onstraints suitable for inputto an external 
onstraint solver. This approa
h avoids theneed to manually develop and verify a separate type infer-en
e algorithm, and is ideal for experimentation with andrapid prototyping of novel type systems.
Categories and Subject DescriptorsD.1.6 [Programming Te
hniques℄: Logi
 Programming;D.2.4 [Software Engineering℄: Software/Program Veri�-
ation; D.3.2 [Programming Languages℄: Language Clas-si�
ations|Constraint and logi
 languages; F.3.3 [Logi
sand Meanings of Programs℄: Studies of Program Con-stru
ts|Type Stru
ture
General TermsLanguages, Experimentation
KeywordsType Systems, Logi
 Programming, Appli
ations of De
lar-ative Programming, Program Analysis
1. INTRODUCTIONType systems provide numerous bene�ts in terms of soft-ware reliability, performan
e, and maintainability. Type
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systems are typi
ally spe
i�ed via a 
olle
tion of type rules.If these type rules are syntax-dire
ted (i.e., there is exa
tlyone type rule for ea
h language 
onstru
t), then deriving a
orresponding type 
he
king algorithm is straightforward.However, developing a 
orresponding type inferen
e al-gorithm is often signi�
antly more 
hallenging. A numberof type inferen
e (as well as program analysis) problems
an be eÆ
iently solved via a two-phase approa
h. First,a 
onstraint-generating phase traverses the abstra
t syntaxtree of the target program to generate a 
olle
tion of 
on-straints over the type variables. Se
ond, a 
onstraint-solvingphase then solves these 
onstraints. In addition to the diÆ-
ulties of developing su
h two-phase algorithms, validatingtheir 
orre
tness is non-trivial, sin
e it requires formaliz-ing the semanti
s of the intermediate 
onstraint language aswell as spe
ifying the behavior of both analysis phases. Inparti
ular, spe
ifying the 
onstraint-generating phase oftenrequires a separate set of 
onstraint-generating type rules [5℄.In this paper, we propose an approa
h that avoids thesediÆ
ulties and 
omplexities by using partial evaluation toautomati
ally derive an eÆ
ient, two-phase type inferen
ealgorithm from the original type rules. We assume that thetype rules are represented as 
lauses in a logi
 programminglanguage su
h as Prolog. Be
ause the Horn 
lauses in logi
programming 
losely resemble type rules, we 
an dire
tly
onvert existing type rules to Prolog 
lauses in a straight-forward and elegant manner.Type 
he
king using the Prolog 
lauses is trivial. We sim-ply need to pass the program and its asso
iated types intothe predi
ate asso
iated with whole-program judgement. Ifthe type rules are syntax-dire
ted, a 
on
lusion 
an be rea
hedin an eÆ
ient and deterministi
 manner.Due to the powerful sear
h me
hanism inherent in logi
programming, type inferen
e is almost as simple (althoughquite ineÆ
ient). If we use the same Prolog 
ode, but leavetype variables unbound, the depth-�rst sear
h performedby the Prolog implementation will attempt to �nd bindingsthat satisfy the type rules. Thus, the Prolog en
oding of thetype rules 
an serve the needs of both 
he
king and inferen
ein an elegant and 
exible manner.However, while the Prolog implementation of the typerules suÆ
es for eÆ
ient type 
he
king, Prolog's depth-�rstsear
h strategy is extremely ineÆ
ient for many type infer-en
e problems. In parti
ular, as we show in Se
tion 2, itmay diverge even for 
omparatively simple type systems forwhi
h eÆ
ient type inferen
e algorithms exist. Thus, theProlog 
lauses provide a 
lear spe
i�
ation but extremelyineÆ
ient implementation of a type inferen
e algorithm.



The key 
ontribution of this paper is to demonstrate howto automati
ally translate the type rules (represented asProlog 
lauses) into an eÆ
ient, two-phase, 
onstraint-basedtype inferen
e algorithm. The essen
e of our approa
h is topartially evaluate these type rules. Apart from these typerules (represented as Prolog 
lauses), the partial evaluatoronly requires as input a simple partitioning parameter thatspe
i�es how to partition the type inferen
e 
omputationbetween the two phases. More spe
i�
ally, the partial eval-uator essentially interprets the Prolog type 
he
king 
lauses,and the partitioning parameter spe
i�es whi
h parts of this
omputation should be delayed until the se
ond, 
onstraint-solving phase. Typi
ally, any relation that depends on thea
tual types asso
iated with type variables is delayed un-til the se
ond phase, whi
h �nd a solution for these typevariables.In general, the result of the �rst, partial-evaluation phase,
alled the residual 
onstraint, may be an arbitrary 
ombina-tion of delayed Prolog terms. However, for many type sys-tems, the natural partitioning of the 
omputation, as mightbe used in a hand-
oded two-phase analysis, yields a sim-pler 
onstraint language that 
an be solved eÆ
iently. Su
h
onstraint languages in
lude propositional satis�ability andDatalog, for whi
h external solvers 
an �nd solutions mu
hmore eÆ
iently than a standard Prolog implementation.We have validated this approa
h on a number of type sys-tems and program analyses. Our experien
e indi
ates that,in 
omparison to the traditional approa
h of using man-ual e�ort to develop, debug, and verify type inferen
e algo-rithms, our proposed approa
h has a number of key advan-tages:� It provides a method for automati
ally deriving an ef-�
ient, two-phase type inferen
e algorithm from theoriginal type 
he
king or analysis rules.� It removes the need to prove the 
orre
tness of theinferen
e algorithm, sin
e its 
orre
tness follows fromthe 
orre
tness of the partial evaluator.� The Prolog representation of the type rules also fun
-tions as an eÆ
ient type 
he
ker.We note that, for the 
ommon 
ase where the type 
he
k-ing rules are syntax-dire
ted, type 
he
king and 
onstraintgeneration are deterministi
 and eÆ
ient, and partial eval-uation yields a 
onjun
tion of delayed terms or 
onstraints.On the other hand, if the type 
he
king rules are not syntax-dire
ted, then type 
he
king and 
onstraint generation arenot deterministi
, and the residual 
onstraint may in
ludeboth 
onjun
tions and disjun
tions of 
onstraints. Thus, ourapproa
h is still appli
able, but may be less eÆ
ient.The remainder of this paper is organized as follows. Se
-tion 2 and Se
tion 3 illustrate our approa
h, in
luding theimplementation details. Se
tion 4 des
ribes experimentswith larger languages and type systems, and some work inprogress. Finally, Se
tion 6 des
ribes related work and Se
-tion 7 gives some 
on
luding remarks and des
ribes our ideasfor future work.

2. TYPE INFERENCE FOR SUBTYPINGTo illustrate our approa
h to automati
 type inferen
e,this se
tion presents an example of a simple type systemwith subtyping over base types. The �sub language extendsthe simply-typed �-
al
ulus with numeri
 
onstants, addi-tion, multipli
ation, and 
onditional expressions, as shownin Figure 1.For x 2 Identi�ers, ni 2 Z, nr 2 R �Z.e ::= nij nrj xj e1 e2j �x : t:ej if e1 then e2 else e3j e1 op e2op ::= + j �t ::= base(b) j t! tb ::= int j realFigure 1: Syntax for �sub.
2.1 Type CheckingThe type system for �sub in
ludes a notion of subtypingbetween the base types int and real, where int is a subtypeof real. The full type rules are shown in Figure 2. Thesetype rules are syntax-dire
ted, so type 
he
king takes timelinear in the size of the input program. (Many of the typerules are dire
ted by the syntax of expressions, and the rulesde�ning the subtyping relation are dire
ted by the syntax oftypes.)Figure 3 shows a straightforward Prolog implementationof a type 
he
ker for this type system. Ea
h rule in the typesystem 
orresponds to a 
lause in the Prolog 
ode, and ea
hjudgement 
orresponds to a predi
ate.To illustrate the type 
he
king pro
ess, 
onsider the fol-lowing program:P � (�x : base(int): x+ 1)We 
an pass P (
onverted to Prolog syntax) into the type
he
ker with the following goal, where [℄ represents theempty environment: t
([℄, P, T).Be
ause the de�nition of P provides a type for the argu-ment of the � abstra
tion, type 
he
king is syntax-dire
tedand the Prolog 
ode exe
utes deterministi
ally, with no ba
k-tra
king. As expe
ted, exe
ution of this goal 
auses T to bebound to the type:base(int)! base(int)
2.2 Type InferenceThe Prolog representation of the type rules gives morethan elegant type 
he
king 
ode, however | it also providesa high-level exe
utable spe
i�
ation of a type inferen
e al-gorithm.Consider the unannotated version of the program fromSe
tion 2.1: P 0 � (�x : Tx: x+ 1)



b v b b vb bint vb realt v t b1 vb b2base(b1) v base(b2)t01 v t2t2 v t02t1 ! t2 v t01 ! t02B ` e : t B ` ni : base(int)B ` nr : base(real)B; x : t; B0 ` x : tB ` e1 : t1 ! tB ` e2 : t2t2 v t1B ` e1 e2 : tB; x : t1 ` e : t2B ` �x : t1:e : t1 ! t2B ` e1 : base(int)B ` e2 : t2B ` e3 : t3t2 vb t; t3 vb tB ` if e1 then e2 else e3 : tB ` e1 : base(t1)B ` e2 : base(t2)t1 v t; t2 v tB ` e1 op e2 : base(t)Figure 2: Type rules for �sub.where Tx is an unknown type, and is represented by an un-bound Prolog variable. Though we leave Tx unbound, theProlog representation of the type rules will still exe
ute, butthey no longer are deterministi
 or syntax-dire
ted. Findinga solution for the goal:t
([℄, P 0, T).now requires performing a sear
h for types Tx and T thatsatisfy the type rules. In general, this sear
h may be ex
es-sively expensive. In parti
ular, due to Prolog's depth-�rstsear
h algorithm, it may not terminate, even for this basi
type system.

Grammar for the Prolog representations:E ::= int(N)| real(N)| var(X)| apply(E1, E2)| lambda(X, T, E)| if(E1, E2, E3)| op(Op, E1, E2)Op ::= '+' | '*'T ::= base(B)| fun
(t, t)B ::= int | realProlog 
ode:base_subtype(B, B).base_subtype(int, real).subtype(base(B1), base(B2)) :-base_subtype(B1, B2).subtype(fun
(A1, B1), fun
(A2, B2)) :-subtype(A2, A1),subtype(B1, B2).t
(_, int(_), base(int)).t
(_, real(_), base(real)).t
(B, var(X), T) :-member(bind(X, T), B).t
(B, apply(E1, E2), T) :-t
(B, E1, fun
(T1, T)),t
(B, E2, T2),subtype(T2, T1).t
(B, lambda(X, T1, E), fun
(T1, T2)) :-t
([bind(X, T1)|B℄, E, T2).t
(B, if(E1, E2, E3), T) :-t
(B, E1, base(int)),t
(B, E2, T2),t
(B, E3, T3),subtype(T2, T),subtype(T3, T).t
(B, op(_, E1, E2), base(B3)) :-t
(B, E1, base(B1)),t
(B, E2, base(B2)),subtype(base(B1), base(B3)),subtype(base(B2), base(B3)).Figure 3: Prolog implementation of the type rules for �sub.From the standpoint of simpli
ity and elegan
e, we havesu

eeded thus far: in only 22 lines of 
ode derived dire
tlyfrom the type rules, we have provided an algorithm thatperforms both type 
he
king and type inferen
e. From aperforman
e and termination point of view, on the otherhand, type inferen
e by dire
t exe
ution (that is, depth-�rstsear
h) of Prolog 
ode is 
learly inadequate.In 
ontrast, a hand-
oded type inferen
e algorithm 
ansolve this problem in linear time using a two-phase 
onstraint-based approa
h. The �rst phase walks over the program'sabstra
t syntax tree to generate a set of 
onstraints over thetype variables. The se
ond phase uses a separate solver thatis tuned to the 
onstraint 
lass at hand to eÆ
iently solvethe 
onstraints generated in the �rst phase.



The key insight of our work is that we 
an automati
allygenerate an eÆ
ient two-phase 
onstraint-based type infer-en
e algorithm. This approa
h requires as input only:1. the Prolog en
oding of the type 
he
king rules, and2. an additional partitioning parameter that des
ribeshow to partition the 
omputation between the twophases.We perform this automati
 partitioning using partial eval-uation. While many partial evaluators for Prolog alreadyexist [21, 14, 15℄, they seem more 
omplex then needed forour purposes. Instead, we wrote our own partial evaluatorto provide pre
ise 
ontrol over whi
h operations to evaluate,and whi
h to delay.Our partial evaluator (shown in Appendix A) 
onsists of asimple meta-interpreter augmented with the ability to delaythe evaluation of 
ertain goals to the se
ond, 
onstraint-solving phase. The partial evaluator then returns a Boolean
ombination of these delayed goals, whi
h we will 
all aresidual 
onstraint. Any solution to this residual 
onstraintis then a solution to the original type inferen
e problem, andvi
e versa. For 
larity, our partial evaluator is restri
ted toa subset of Prolog that is adequate to express the type sys-tems dis
ussed in this paper. It 
ould easily be extended tosupport other language 
onstru
ts.We 
onsider our partial evaluator to be 
orre
t if solu-tions to the residual 
onstraint it generates are also solutionsto the original, dire
tly-evaluated program. The followingstates this property more formally.Property 1. If � is an assignment, t
 is an algorithm,P is an input for t
, peval is our partial evaluator, and Cis a residual 
onstraint, then the following are equivalent:1. � � t
(P )2. C = peval(t
(P )) and � � CThe format of the residual 
onstraint returned by the par-tial evaluator varies depending on the original type rulesand the partitioning parameter. In general, the residual
onstraint may be an arbitrary Prolog term. If the rules,in the presen
e of types, are purely syntax-dire
ted, thenthe residual 
onstraint will be a 
onjun
tion of the delayedterms. Non-syntax-dire
ted rules 
an produ
e arbitrary 
on-jun
tions and disjun
tions of delayed terms.However, while residual 
onstraints 
onsisting of full Pro-log are possible, in many situations the natural partitioningof the problem, as might be used in a hand-
oded two-phaseanalysis, yields simple 
onstraint languages (su
h as Datalogprograms or Boolean expressions) for whi
h eÆ
ient solvingalgorithms exist.
2.3 Base Type InferenceWe initially fo
us on only inferring base types (that is, intvs real) for �sub. In this 
ase, the residual 
onstraint afterpartial evaluation is a 
onjun
tion of impli
ations, whi
h
an be solved in linear time by a monotoni
 propositionalsatis�ability solver.To illustrate the inferen
e pro
ess more spe
i�
ally, 
on-sider the following program:P � (�z : base(b1):(�x : base(b2): if x then 3:14 else 0)((�y : base(b3): y) z))

The partitioning parameter:delay(base subtype( , )).tells the partial evaluator to postpone evaluation of any sub-typing judgment between base types. This is the only 
on-straint in the type rules that 
annot be evaluated withoutknowledge of the a
tual base types of the type variables.1Partially evaluating the type 
he
ker on this program viathe goal: peval(t
([℄, P, T), C).yields the solution where T is base(b1)! base(b4), and theresidual 
onstraint C is a 
onjun
tion of the following basesubtyping 
onstraints: real vb btempint vb btempbtemp vb b4b1 vb b3b3 vb b2b2 vb intWe translate these 
onstraints into a Boolean formula viathe en
oding int � falsereal � trueb1 vb b2 � b1 ) b2Be
ause we are only inferring base types, the resulting for-mula is a monotoni
 satis�ability problem and 
an be solvedin linear time, yielding the following minimal (i.e., most pre-
ise) solution: b1 = intb2 = intb3 = intb4 = realbtemp = realwhi
h means that T is base(int)! base(real).Thus, partial evaluation allows us to use a natural Prologen
oding of the type rules to perform both type 
he
kingand base type inferen
e eÆ
iently. We 
an dire
tly exe
utethe 
ode for type 
he
king, or use a partial evaluator toautomati
ally partition the 
ode into a two-phase algorithmfor eÆ
ient base type inferen
e.1In general, this partitioning parameter des
ribes whi
h op-erations in the program depend on the a
tual bindings ofthe types being inferred, and thus should be delayed. Thisset of operations 
an ex
lude equality 
onstraints, if desired,be
ause the uni�
ation algorithm used in Prolog 
an keeptra
k of equality without knowing the bindings of the vari-ables in question. Ex
luding equality 
omparisons from theset of delayed operations leads to smaller generated 
on-straint sets.



2.4 Full Type InferenceWe next 
onsider the more 
hallenging problem of per-forming full type inferen
e. For this problem, we need toinstead delay the full subtype relation, via the partitioningparameter: delay(subtype( , ))For example, 
onsider the elaborate version of the identityfun
tion: P � (�z : tz:(�x : tx:x) z)(�y : tt:y)Partially evaluating the type 
he
ker on this program viathe goal: peval(t
([℄, P, T), C).produ
es the solution where T = tx and the residual 
on-straint C is the 
onjun
tion of the following subtyping 
on-straints: tz v txty ! ty v tzAs expe
ted, these 
onstraints indi
ate that T is a supertypeof ty ! ty, where ty is un
onstrained.Performing full type inferen
e introdu
es the full subtyp-ing relation into the 
onstraint language. In this 
ase, themapping to a monotoni
 satis�ability problem is no longerpossible. However, the resulting 
onstraints 
an still besolved eÆ
iently, for example, via a 
onstraint solving frame-work su
h as BANE [1℄ or BANSHEE [13℄.Thus, the Prolog en
oding of the original syntax-dire
tedtype rules is quite 
exible { in addition to fun
tioning as aneÆ
ient type 
he
ker, it 
an also (via appropriate partial-evaluation) yield a 
onstraint-generator for both base typeinferen
e and full type inferen
e.
3. SIGN ANALYSISTo indi
ate the broad appli
ability of our approa
h, wenext apply it to a signi�
antly di�erent analysis system.We 
onsider the analysis of signs for a simple �rst-orderlanguage FOL.A program in FOL 
onsists of a number of fun
tion def-initions, and a single expression, as des
ribed in Figure 4.Fun
tions all take a single parameter, for simpli
ity, so theenvironment is either empty or 
onsists of one binding, as de-s
ribed by the following grammar fragment. (The language
ould easily be extended to in
lude multi-arity fun
tions.)B ::= � j x : sThe sign analysis rules for FOL are shown in Figure 5.In these rules, the domain for sign variables is the power set2f�;0;+g, so ea
h sign variable is a set that indi
ates whatpossible signs an expression 
an take. The rules for signpropagation through arithmeti
 operations and 
onditionalexpressions appear in Table 1 and Table 2, respe
tively.These rules de�ne a 
ontext-sensitive analysis of the pos-sible signs of ea
h fun
tion. Context-sensitivity [11℄ makesthe analysis more pre
ise, by giving ea
h fun
tion a di�erentinput and output sign type in ea
h 
ontext. It also makesthe analysis more expensive, be
ause we must reanalyze afun
tion every time it appears in an expression.

For x 2 Identi�ers, n 2 Z, s 2 2f�;0;+g.P ::= d�ed ::= f(x) = e;e ::= nj xj if e1 then e2 else e3j e1 op e2j f(e)op ::= + j �Figure 4: Syntax for FOL. ResultOperand 1: s1 Operand 2: s2 + �f�g f�g f�g f+gf�g f0g f�g f0gf�g f+g f�; 0;+g f�gf0g f�g f�g f0gf0g f0g f0g f0gf0g f+g f+g f0gf+g f�g f�; 0;+g f�gf+g f0g f+g f0gf+g f+g f+g f+gTable 1: Operator de�nition for opsign(op; s1; s2).Ea
h row de�nes an impli
ation of set 
onstraints. Ifa and b are the �rst two 
olumns of row n, in order,and 
 is the appropriate result 
olumn for the oper-ation in question, then row n de�nes the impli
ationa � s1 ^ b � s2 ) 
 � result.For a 
on
rete example, 
onsider the following program:f(x) = g(x) + g(-2);g(x) = x + 0;f(0);Under a 
ontext-sensitive analysis, the signs of g(0) andg(-2) are f0g and f�g, respe
tively. Hen
e, the sign ofthe fun
tion 
all f(0) is a 
ombination of these two signs,a

ording to Table 1, yielding the resulting sign of f�g. Ifwe performed the analysis in a 
ontext-insensitive manner,we would get the more approximate result f�; 0g.As in the �sub 
ase, we 
an express the analysis rules in anatural manner as the Prolog 
ode in Figure 6. The order ofthe imply 
lauses at the top of the program ensure that exe-
ution under Prolog's standard depth-�rst sear
h semanti
syields a minimal (most pre
ise) solution. The 
he
k
 predi-
ate in the Prolog 
ode 
orresponds to the typing judgementP ` f : s! s0. This predi
ate de�nes a relation asso
iatinga fun
tion f and an argument sign s with a result sign s0,in the 
ontext of a given program P .We 
an perform the sign analysis of a program by dire
tlyrunning the analysis 
ode with the program to be analyzedas input. However, sin
e the analysis rules and 
orrespond-ing Prolog 
lauses are not syntax-dire
ted, this approa
hresults in an ineÆ
ient sear
h and extremely poor perfor-man
e. In parti
ular, ea
h fun
tion will be reanalyzed forea
h 
all site, even if it has previously been analyzed with thesame sign parameter. Another issue is that, in the presen
e



Guard: s1 Then: s2 Else: s3 Resultf+g f+g ; f+gf+g f0g ; f0gf+g f�g ; f�gf0g ; f+g f+gf0g ; f0g f0gf0g ; f�g f�gf�g f+g ; f+gf�g f0g ; f0gf�g f�g ; f�gTable 2: Operator de�nition for ifsign(s1; s2; s3). Ea
hrow de�nes an impli
ation of set 
onstraints. If a, b,
 and d are the four 
olumns of row n, in order, thenrow n de�nes the impli
ation a � s1^b � s2^
 � s3 )d � result.` P : s P = d�eP ; � ` e : s` P : sP ;B ` e : s n < 0P ;B ` n : f�gn = 0P ;B ` n : f0gn > 0P ;B ` n : f+gP ;x s ` x : sP ;B ` e1 : s1P ;B ` e2 : s2s = opsign(op; s1; s2)P ;B ` e1 op e2 : sP ;B ` e1 : s1P ;B ` e2 : s2P ;B ` e3 : s3s = ifsign(s1; s2; s3)P ;B ` if e1 then e2 else e3 : sP ;B ` e : sP ` f : s! s0P ;B ` f(e) : s0P ` f : s! s0 f(x) = e 2 PP ;x : s ` e : s0P ` f : s! s0Figure 5: Sign analysis rules for FOL.

imply(0, _, _).imply(_, 0, _).imply(1, 1, 1).equal(S, S).opsign('+', s(M1, Z1, P1), s(M2, Z2, P2),s(M3, Z3, P3)) :-imply(Z1, Z2, Z3), imply(Z1, M2, M3),imply(Z1, P2, P3), imply(M1, Z2, M3),imply(M1, M2, M3), imply(M1, P2, M3),imply(P1, Z2, P3), imply(P1, M2, M3),imply(P1, M2, P3), imply(M1, P2, P3),imply(P1, P2, P3), imply(P1, M2, Z3),imply(M1, P2, Z3).opsign('*', s(M1, Z1, P1), s(M2, Z2, P2),s(M3, Z3, P3)) :-imply(Z1, Z2, Z3), imply(Z1, M2, Z3),imply(Z1, P2, Z3), imply(M1, Z2, Z3),imply(M1, M2, P3), imply(M1, P2, M3),imply(P1, Z2, Z3), imply(P1, M2, M3),imply(P1, P2, P3).ifsign(s(GM, GZ, GP), s(TM, TZ, TP), s(FM, FZ, FP),s(M, Z, P)) :-imply(GM, TM, M), imply(GM, TZ, Z),imply(GM, TP, P), imply(GP, TM, M),imply(GP, TZ, Z), imply(GP, TP, P),imply(GZ, FM, M), imply(GZ, FZ, Z),imply(GZ, FP, P).
he
kp(P, S) :-P = p(_, E),equal(AM, 0), equal(AZ, 0), equal(AP, 0),t
(P, s(AM, AZ, AP), E, S).t
(_, _, num(N), s(1, 0, 0)) :-N < 0.t
(_, _, num(N), s(0, 1, 0)) :-N = 0.t
(_, _, num(N), s(0, 0, 1)) :-N > 0.t
(_, B, var(X), S) :-member(bind(X,S),B).t
(P, B, op(Op, E1, E2), S) :-t
(P, B, E1, S1),t
(P, B, E2, S2),opsign(Op, S1, S2, S).t
(P, B, if(E1, E2, E3), S) :-t
(P, B, E1, S1),t
(P, B, E2, S2),t
(P, B, E3, S3),ifsign(S1, S2, S3, S).t
(P, B, 
all(N, E), S) :-t
(P, B, E, S1),
he
k
(P, N, S1, S).
he
k
(P, F, AS, RS) :-P = p(Defs, _),member(fun
(F, X, E), Defs),t
(P, [bind(X,AS)℄, E, RS).Figure 6: Prolog implementation of the type rules for FOL.



of re
ursive fun
tions, the Prolog derivation or proof tree
an be
ome in�nite, though it will remain regular. Understandard Prolog semanti
s, the analysis of re
ursive fun
-tions would not 
onverge.We solve of both of these problems by using partial eval-uation to partition the problem into two phases, where theresidual goal of the �rst phase is a Datalog program that isthen solved by the se
ond phase, possibly via eÆ
ient te
h-niques su
h as binary de
ision diagrams [24℄. Our approa
hpro
eeds as follows:1. We delay the impli
ation that o

urs in the de�ni-tions of the arithmeti
 and 
onditional operators, sin
ethis impli
ation is dependent on the signs of variables,whi
h are not known at partial-evaluation time. Thisis a
hieved with the following partitioning parameter:delay(imply(_, _, _)).2. Sin
e the 
he
k
 predi
ate is de�ned re
ursively, par-tial evaluation of the type 
he
ker may not terminateon re
ursive target programs unless this predi
ate isalso delayed. However, we only partially-delay thispredi
ate. That is, we retain the 
he
k
 predi
ate inthe residual program, but in partially-evaluated form.For ea
h fun
tion f in the target program, the resid-ual program 
ontains a 
lause for 
he
k
(P,f,s,s0),where the body of this 
lause has already been par-tially evaluated.In addition, the �rst parameter P is redundant, sin
ethe abstra
t syntax tree traversal has already been per-formed, and so this parameter is elided. Therefore, thepartial evaluator transforms 
he
k
 to a relation onthe �nal three parameters, whose body 
onsists of theresidual goal from the partial evaluation of its originalbody.We indi
ate that we want the body of a predi
ate to re-main in the residual program in this fashion with thefollowing partdelay partitioning parameter parame-ter:partdelay(
he
k
(_, _, _, _), [y,n,n,n℄).where the list appearing after the predi
ate spe
i�
a-tion des
ribes whi
h parameters to remove | y meansto remove the parameter in that position, and n meansto retain it.3. To give us a top-level predi
ate in the residual Datalogprogram, we delay the 
he
kp predi
ate with:partdelay(
he
kp(_, _), [y,n℄).where we again remove the �rst parameter, P, be
auseit will never appear in the residual goal derived fromthe partial evaluation of the body.After partial evaluation, a simple post-pro
essing step 
an
atten all of the sign stru
tures into three individual vari-ables, yielding a Datalog program. The Datalog program
an then be evaluated mu
h more eÆ
iently than an arbi-trary Prolog program, be
ause every Datalog relation is overa �nite domain. This restri
tion allows for eÆ
ient exe
u-tion strategies su
h as the use of binary de
ision diagrams[24℄.

Consider again the example program P from the begin-ning of this se
tion. Partial evaluation with the goal:peval(
he
kp(P, s(M, Z, P)), R)followed by 
attening gives that R is the following Datalogprogram:imply(0, _, _).imply(_, 0, _).imply(1, 1, 1).
he
kp(M, Z, P) :-
he
k
(f, 0, 1, 0, M, Z, P).
he
k
(g, AM, AZ, AP, RM, RZ, RP) :-imply(AZ, 1, RZ), imply(AZ, T1, RM),imply(AZ, T2, RP), imply(AM, 1, RM),imply(AM, T1, RM), imply(AM, T2, RM),imply(AP, 1, RP), imply(AP, T1, RM),imply(AP, T1, RP), imply(AM, T2, RP),imply(AP, T2, RP), imply(AP, T1, RZ),imply(AM, T2, RZ).
he
k
(f, AM, AZ, AP, RM, RZ, RP) :-
he
k
(g, AM, AZ, AP, GM1, GZ1, GP1),
he
k
(g, 1, 0, 0, GM2, GZ2, GP2),imply(GZ1, GZ2, RZ), imply(GZ1, GM2, RM),imply(GZ1, GP2, RP), imply(GM1, GZ2, RM),imply(GM1, GM2, RM), imply(GM1, GP2, RM),imply(GP1, GZ2, RP), imply(GP1, GM2, RM),imply(GP1, GM2, RP), imply(GM1, GP2, RP),imply(GP1, GP2, RP), imply(GP1, GM2, RZ),imply(GM1, GP2, RZ).The goal 
he
kp(M, Z, P) has the minimal solution: M= 1, Z = 0, P = 0. Or, in other words, the expression f(0)has the sign f�g, as expe
ted.This se
tion has shown that partial evaluation 
an ef-fe
tively produ
e 
onstraints in forms other than that ofBoolean expressions, but whi
h also 
an be solved in a rea-sonably eÆ
ient manner.
4. APPLICATIONS AND EXPERIMENTS

4.1 Sign Analysis for JavaFor 
larity, the previous detailed examples fo
used on ide-alized languages and type systems, to most 
learly illustratethe ideas of this paper. However, the methods we have de-s
ribed do s
ale to realisti
 languages. As an initial example,we implemented a sign analysis system for the Java program-ming language [12℄.First, we developed a translator, based on the front-endJavafe [6℄, that 
onverts Java sour
e 
ode into a stru
turedProlog term representing the program's abstra
t syntax tree.Then we implemented a set of rules for a 
ontext-insensitivesign analysis, in about 300 lines of Prolog 
ode, that is mod-eled on the analysis shown in Figure 5.We 
an exe
ute this Prolog 
ode dire
tly, but exe
utiontime be
omes prohibitively high for large programs. Alter-natively, we 
an partially evaluate the Prolog 
ode with re-spe
t to a parti
ular target program to produ
e 
onstraintsthat are solvable by a monotoni
 satis�ability solver. Forthese experiments, the Cha� solver [17℄ yielded ex
ellent(essentially linear time) performan
e, even though it is notspe
i�
ally fo
used on monotoni
 
onstraints.To empiri
ally evaluate the bene�t of our approa
h, weapplied both forms of the analysis to a number of Java pro-grams of various sizes. Figure 7 
ompares the time taken
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Figure 7: This �gure shows how the performan
e of theJava sign analysis 
ode s
ales with 
ode size when dire
tlyexe
uted versus partially evaluated. Constraint solving timewas negligible in all 
ases, and is in
luded in the partialevaluation numbers.to dire
tly exe
ute the Prolog 
ode with the time taken topartially evaluate the 
ode and then solve the resulting 
on-straints. As might be expe
ted, dire
t exe
ution s
ales verypoorly to large programs. In 
ontrast, our two-phase ap-proa
h based on partial evaluation provides up to two or-ders of magnitude of performan
e improvement over dire
texe
ution.
4.2 Race Condition Checking for JavaAs a se
ond appli
ation, we re-implemented the r

javatype system [4℄ using this approa
h. The r

java type sys-tem extends Java's type systems with additional 
he
ks toensure that every well-typed program is free of ra
e 
ondi-tions. This extended type system requires additional typeannotations that spe
ify, for example, whi
h a lo
k prote
tsea
h �eld in the program, and whi
h lo
ks should be heldon entry to ea
h method.The original implementation of this system [4℄ 
onsistsof approximately 12,000 lines of Java 
ode (ex
luding theJavafe 
ode shared with our 
urrent translator) and requiredthree person-months of development e�ort. This implemen-tation is fo
used on type 
he
king. A subsequent separateimplementation e�ort ta
kled type inferen
e by redu
ing itto propositional satis�ability [5℄.We have begun a re-implementation of this type systemas a more signi�
ant s
alability test for our approa
h. Cur-rently, type 
he
king operates smoothly. So far, the e�orthas taken approximately 0.25 person-months, and yieldedabout 300 lines of Prolog 
ode. Our 
urrent partial evalua-tor 
annot yet handle all of the Prolog features used in thistype system. We are working on appropriately extendingour partial evaluator to handle this type system. We alsointend to explore type inferen
e for atomi
ity [7℄ using ourapproa
h.
5. BEYOND PARTIAL EVALUATIONThe approa
h des
ribed so far su�ers from a performan
eoverhead, in that partial evaluation involves essentially in-terpreting the type 
he
king 
ode, whi
h is slower than di-re
t exe
ution of a hand-
oded 
onstraint generator.

base_subtype(B, B).base_subtype(int, real).subtype_F2(base(B1), base(B2), base_subtype(B1, B2)).subtype_F2(fun
(A1, B1), fun
(A2, B2), C):-subtype_F2(A2, A1, C1),subtype_F2(B1, B2, C2),C = (C1, C2).t
(_, int(_), base(int)).t
(_, real(_), base(real)).t
_F2(B, var(X), T, true):-member(bind(X, T), B).t
_F2(B, apply(E1, E2), T, C):-t
_F2(B, E1, fun
(T1, T), C1),t
_F2(B, E2, T2, C2),subtype_F2(T2, T1, C3),C = (C1, C2, C3).t
_F2(B, lambda(X, T1, E), fun
(T1, T2), C):-t
_F2([bind(X, T1)|B℄, E, T2, C).t
_F2(B, if(E1, E2, E3), T, C):-t
_F2(B, E1, base(int), C1),t
_F2(B, E2, T2, C2),t
_F2(B, E3, T3, C3),subtype_F2(T2, T, C4),subtype_F2(T3, T, C5),C = (C1, C2, C3, C4, C5).t
_F2(B, op(_, E1, E2), base(B3), C):-t
_F2(B, E1, base(B1), C1),t
_F2(B, E2, base(B2), C2),subtype_F2(base(B1), base(B3), C3),subtype_F2(base(B2), base(B3), C4),C = (C1, C2, C3, C4).Figure 8: The result of applying the staging translation tothe �sub type 
he
ker from Figure 3 (with the base subtypepredi
ate delayed), after �-renaming and peephole optimiza-tion.We 
an address this interpretation overhead by using these
ond Futamura proje
tion [10℄, whi
h is often referred toas a generating extension. That is, we partially evaluatethe appli
ation of the partial evaluator to the analysis 
ode.The residual program is then a 
onstraint generator thatexe
utes without any partial evaluation overhead. In moredetail, if: peval(t
(E), C).partially evaluates the type 
he
king 
ode t
 over the ex-pression E, to yield a residual 
onstraint C over type vari-ables in E, then the goal:peval(peval(t
(E), C), R)yields a Prolog program R (over E and C) that providesa more eÆ
ient implementation of peval(t
(E), C), inwhi
h the work of partial evaluation has already been per-formed.Developing a partial evaluator that is self-appli
able inthis manner turns out to be quite diÆ
ult [2℄. We 
an avoidthis diÆ
ulty by instead writing a staging transa
tion that



dire
tly translates the goal t
(E) into the desired se
ondFutamura proje
tionR � t
 F2(E;C);whi
h takes as input an expression E and returns a 
onjun
-tion C of delayed 
onstraints for E.This staging translation involves extending ea
h user-de�nedpredi
ate P with an output parameter C that 
ontains a 
on-jun
tion of delayed 
onstraints. These delayed 
onstraintsin
lude1. any delayed 
onstraint 
alled dire
tly from P , and2. the delayed 
onstraints returned from any non-delayed,user-de�ned predi
ate 
alled from P .Appendix B presents the 
ode to perform this stagingtranslation. It takes as input a program (as a list of 
lauses)and returns the se
ond Futamura proje
tion of that pro-gram (again, as a list of 
lauses). Although quite simple,this 
ode is adequate for the type systems presented in thispaper, and 
ould easily be extended to support additionalProlog 
onstru
ts.Figure 8 shows the result of applying this staging trans-lation to the �sub type 
he
ker from Figure 3 (with thebase subtype predi
ate delayed). The result is essentiallyidenti
al to a hand-
oded 
onstraint generator, but avoidsthe 
ost of developing, debugging, and verifying the 
on-straint generating 
ode by hand.
6. RELATED WORKA few papers have previously noted and tried to exploitthe 
lear 
onne
tions between type inferen
e and type 
he
k-ing. Se
her and S�rensen note that type 
he
king is gen-eralizable to type inferen
e [20℄. However, they base theiranalysis on the use of a deterministi
, fun
tional language toexpress type systems, whi
h makes partial evaluation signif-i
antly harder. Our use of Prolog leads to 
ode that 
loselymat
hes the type rules, and enables straightforward partialevaluation.Lu and King [16℄ also mention the 
onne
tion betweentype inferen
e and type 
he
king. They note that, to quotethe paper title, \ba
kward type inferen
e generalises type
he
king". However, they restri
t their fo
us to the analysisof logi
 programs, within a spe
i�
 
ontext.Fr�uhwirth uses partial evaluation to perform type infer-en
e for logi
 programs [9℄, and proposes the use of logi
 pro-grams themselves as types [8℄. Like Lu and King, Fr�uhwirthfo
uses spe
i�
ally on types for logi
 programs.A number of other resear
hers have developed systemsthat serve as ideal target 
onstraint languages. Whaley andLam developed a system 
alled bddbddb, aimed at eÆ
ientlyevaluating Datalog programs using BDDs [24℄. It was de-signed for the purpose of program analysis, and would serveas an ideal evaluation tool for our larger Datalog programs.BANE [1℄ and its su

essor, BANSHEE [13℄, by Aikenand Kodumal, provide platforms for developing type- andset-
onstraint-based program analyses. These systems fo
usmore on solving 
onstraints than generating them, and 
ouldbe useful as target 
onstraint languages for our approa
h.Venkatesh and Fis
her's paper on SPARE [23℄ des
ribesa general-purpose program analysis environment and dis-
usses the sign analysis problem that we use as an example.It might be possible to write our analyses within SPARE,

instead of Prolog, but we do not have a

ess to a SPAREsystem, and the resulting 
ode probably would not �t thetype rules as 
losely as Prolog 
ode 
an.Crew, fromMi
rosoft Resear
h, developed a language 
alledASTLOG [3℄ whi
h has a Prolog-like syntax and built-insupport for extra
ting AST information from C programs.It was intended mostly as tool for simple sear
h problems,however, and is not ideal for more 
omplex program analysessu
h as type inferen
e.LIX [2℄ is a self-appli
ative partial evaluator for Prologthat provided some ideas about how to design our own par-tial evaluator, but LIX does not provide the ability to delaypredi
ates in the way we need. We plan to develop morepowerful partial evaluation strategies in the future, however,that may bene�t from the more advan
ed features of LIX,in
luding its self-appli
ability. In addition to LIX, manyother partial evaluators exist, in
luding Mixtus [21℄, E

e[15℄, and ProMiX [14℄.
7. CONCLUSION AND FUTURE WORKOur work is motivated by the 
entral role type rules playin the development of the various algorithms related to atype system, from 
he
king to inferen
e, whi
h all pro
eedby either verifying or solving the same set of 
onstraints.While the a
tual algorithm used for type 
he
king and typeinferen
e vary greatly, we have demonstrated that a singlenatural en
oding of the original type rules 
an be used toderive these various analysis algorithms. Furthermore, whileour approa
h applies most obviously to type systems, perse, it is also useful for program analysis problems that maynot be 
onsidered stri
tly type systems but have a similarstru
ture.Prolog 
lauses provide a natural and 
onvenient way toen
ode these type rules. This 
ode 
an then dire
tly exe-
ute with any 
ombination of spe
i�ed and unspe
i�ed typesand, if 
omputationally possible (with a �nite proof tree),infer bindings for the unspe
i�ed types. If many types areleft unspe
i�ed, however, standard Prolog sear
h strategiesresult in ineÆ
ient exe
ution. If, instead, we identify theoperations within the type system that depend on the bind-ings of the type variables, and use partial evaluation to de-lay those operations, we 
an automati
ally derive a residual
onstraint (in the form of a Prolog goal) over the type vari-ables. A variety of external solvers 
an then eÆ
iently solvethe resulting 
onstraint system.Furthermore, the se
ond Futamura proje
tion [10℄ 
an beused to remove the partial evaluation overhead from the
onstraint-generating phase, resulting in an automati
ally-generated 
onstraint generator that is essentially identi
alto a generator that would be written by hand.Finally, while Prolog provides an almost satisfa
tory lan-guage for the des
ription of type systems and similar pro-gram analyses, it has some short
omings. In parti
ular, itla
ks a stati
 type system of its own to dete
t errors at 
om-pile time, and is somewhat limited in its fa
ilities for ab-stra
tion. Moving to a strongly-typed logi
 language, su
has Mer
ury [22℄, might alleviate some of the implementa-tion diÆ
ulties. Alternatively, a language su
h as Twelf [18℄or Delphin [19℄ might be appli
able, as they were both de-signed for the analysis of programming languages, logi
s,and proofs.
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APPENDIX

A. PARTIAL EVALUATOR:- multifile delay/1.:- multifile partdelay/2.:- dynami
 saved/2.peval(P, R) :- delay(P), !, R = P.peval((P1, P2), (R1,R2)) :-!, peval(P1, R1), peval(P2, R2).peval(P, R) :-P =.. [Pred|_℄,member(Pred, [member,=,true,fail,<,>℄),!, P, R = true.peval(P, R) :-partdelay(P, _), saved(P, _),!, trim_goal(P, R).peval(P, R) :-partdelay(P, _),
lause(P, Q), peval(Q, R1),trim_goal(P, P1),assert(saved(P1, R1)), R = P1.peval(P, R) :- 
lause(P, Q), peval(Q, R)./* De
onstru
t a predi
ate, remove unwanted* parameters, and re
onstru
t it.*/trim_goal(P, R) :-P =.. [Pred|Args℄,partdelay(P, S),
rop_list(Args, S, NArgs),R =.. [Pred|NArgs℄.
rop_list([℄, [℄, [℄).
rop_list([IH|IT℄, [n|ST℄, [IH|Rest℄) :-
rop_list(IT, ST, Rest).
rop_list([_|IT℄, [y|ST℄, Rest) :-
rop_list(IT, ST, Rest)./* Write out the Datalog program resulting* from partial delays.*/write_saved :-forall(saved(P, R),(write(P), write(' :- '),write(R), write('.'), nl)).

B. STAGING TRANSFORMATIONstage_program([℄, [℄).stage_program([Clause|Tail℄, [NewClause|NewTail℄) :-stage_
lause(Clause, NewClause),stage_program(Tail, NewTail).stage_
lause(P :- B, P :- B) :- delay(P), !.stage_
lause(P :- B, NewP :- (NewB,C=Cs)) :-!,P =.. [Pred|Args℄,stage_term(B, NewB, Cs),append(Args, [C℄, NewArgs),atom_
on
at(Pred, '_F2', NewPred),NewP =.. [NewPred|NewArgs℄.stage_
lause(C, C).stage_term((A, B), (NewA, NewB), (AC, BC)) :-stage_term(A, NewA, AC),stage_term(B, NewB, BC).stage_term(A, true, A) :- delay(A), !.stage_term(A, A, true) :-A =.. [Pred|_℄,member(Pred, [=,member,<,>,true,fail℄).stage_term(A, NewA, Cs) :-A =.. [Pred|Args℄,atom_
on
at(Pred, '_F2', NewPred),append(Args, [Cs℄, NewArgs),NewA =.. [NewPred|NewArgs℄.


